Introduction
Donaldson-Thomas invariants (see [6] ) are the virtual counts of certain kinds of stable sheaves (with fixed determinant) on Calabi-Yau threefolds. Because of the assumptions, the virtual dimension of a Donaldson-Thomas moduli space X is always zero. Hence the virtual fundamental class is of degree zero and integrates to a number, the Donaldson-Thomas invariant.
In this article we take the point of view that the main distinguishing feature of Donaldson-Thomas invariants is that the perfect obstruction theory (see [1] ) which gives rise to the virtual fundamental class is symmetric. This essentially means that the obstruction sheaf is equal to the sheaf of Kähler differentials Ω X . Hence the tangent sheaf T X = Der(O X , O X ) is the dual of the obstruction sheaf. This is the symmetric property.
We define symmetric obstruction theories in general, and examine what special properties they have.
If the moduli space X of a Donaldson-Thomas type moduli problem is smooth of dimension n, then the Donaldson-Thomas invariant is equal to (−1) n χ(X), where χ(X) is the (topological) Euler characteristic of X. Our main goal is to find an analogue of this property in the general case. In fact, we introduce on X a canonical Z-valued constructible function f (if X is smooth, f is constant with value (−1) n ), such that the Donaldson-Thomas invariant (the virtual count) is equal to χ(X, f ) , the weighted Euler characteristic. The function f depends on the symmetric obstruction theory chosen for X, and we call it the characteristic function of the symmetric obstruction theory. The weighted Euler characteristic of X with respect to f is defined by writing X as a disjoint union of constructible subvarieties X i , such that f is constant on the X i , and define
where χ denotes Euler characteristic with compact supports. This definition does not depend on the way we write X as a union of X i and satisfies
if X is the disjoint union of Y and Z.
As a consequence of these results, we get a virtual count (namely χ(X, f )) even when X is not compact, and the integral of the virtual fundamental class does not exist. This makes Donaldson-Thomas invariants accessible to arguments involving stratifying the moduli space X.
The way we obtain the characteristic function is simple: we embed X into a smooth complex manifold M . Then the cone of curvilinear obstructions 1 1 Note that ob is in general bigger than actual sheaf of obstructions, which is the abelian subsheaf of ob generated by cv. Thus cv is intrinsic to X, whereas ob depends on E → L X .
cv ֒→ ob = Ω X , pulls back to a cone in Ω M | X via the epimorphism Ω M |X → Ω X . Via the embedding Ω M | X ֒→ Ω M we obtain a conic subscheme C ֒→ Ω M , the obstruction cone for the embedding X ֒→ M . The key fact is that C is Lagrangian, with respect to the canonical complex symplectic structure on Ω M .
Microlocal geometry associates to any conic Lagrangian cycle in Ω M a constructible function on M . This function is supported on X in our case, and is the characteristic function. If M is a regular holonomic D-module whose characteristic cycle is [C] , then
for any point P ∈ M . Here H i {P } denotes cohomology with supports in the subscheme {P } ֒→ M and M DR denotes the perverse sheaf associated to M via the Riemann-Hilbert correspondence, as incarnated, for example, by the De Rham complex M DR .
The two fundamental properties of the characteristic function are that it iś etale local and multiplicative.
The fact that the virtual count (the Donaldson-Thomas type invariant) is equal to the weighted Euler characteristic follows from the microlocal index theorem. Since we are not aware of a proof of this index theorem for DeligneMumford stacks (and not all Deligne-Mumford stacks are embeddable) the general case of this result remains conjectural.
Furthermore, we can replace the Euler characteristic χ with an arbitrary motivic measure to obtain motivic Donaldson-Thomas invariants.
Notation
We will always work over the field of complex numbers C. All schemes and algebraic stacks we consider are of finite type (over C).
We will often use homological notation for objects in the derived category. This means that E n = E −n , for a complex . . .
For a complex of sheaves E, we denote the cohomology sheaves by h i (E). Let us recall a few sign conventions:
are complexes concentrated in the interval [−1, 0] and θ : E → F and η : E → F homomorphisms of complexes. Then a homotopy from η to θ is a homomorphism h :
Preliminaries on virtual cycles
Let X denote a scheme or a Deligne-Mumford stack. Let L X be the cotangent complex of X. Recall from [1] that a perfect obstruction theory for X is a derived category morphism φ : E → L X , such that (i) E is perfect, of perfect amplitude contained in the interval [−1, 0], (ii) φ induces an isomorphism on h 0 and an epimorphism on h −1 . Let us fix a perfect obstruction theory E → L X for X.
Recall that E defines a vector bundle stack E over X: whenever we write E locally as a complex of vector bundles
Recall also the intrinsic normal cone C X . Whenever U → X isétale and U → M a closed immersion into a smooth scheme M , the pullback C X | U is canonically isomorphic to the stack quotient
Recall, finally, that the obstruction theory E → L X defines a virtual fundamental class [X] vir ∈ A rk E (X), as the intersection of the fundamental class [C X ] with the zero section of E:
(For the last statement in the absence of global resolutions, see [5] .) Here A r (X) denotes the Chow group of r-cycles modulo rational equivalence on X with values in Z.
Obstruction cones
where F is a vector bundle over U and the homomorphism F → E ∨ [1]| U is such that its cone is a locally free sheaf over U concentrated in degree −1. Alternatively, a local resolution may be defined as a local presentation F → E| U (over anétale open U of X) of the vector bundle stack E associated to E.
Recall that for every local resolution F → E ∨ [1]| U there is an associated cone C ֒→ F , the obstruction cone, defined via the cartesian diagram of cone stacks over U C
where C is the intrinsic normal cone of X. 
we have that
Proof.Étale locally on X, presentations F and lifts φ always exist. The uniqueness of C follows. So far, we have only considered ob as a coherent sheaf on X. We can extend it to a sheaf on the bigétale site of X in the canonical way. We may then think of ob as the coarse moduli sheaf of E. Let cv be the coarse moduli sheaf of the intrinsic normal cone C. The key facts are
is a cartesian diagram of stacks over X. Both of these facts are local in theétale topology of X, so we may assume that E has a global resolution E ∨ = [H → F ]. Let C ′ ⊂ F be the obstruction cone. Then C ′ is invariant under the action of H on F . Note that ob is the sheaf-theoretic quotient of F by H and cv the sheaf-theoretic quotient of C ′ by H. Simple sheaf theory on the bigétale site of X (exactness of the associated sheaf functor) implies
is a cartesian diagram of sheaves on the bigétale site of X. This implies that Diagram (2) is cartesian, proving the key facts. We now construct the subsheaf C ⊂ Ω as the fibered product of sheaves on the bigétale site of
Then any diagram such as (1) gives rise to a cartesian diagram of bigétale sheaves
This latter diagram is cartesian, because Diagrams (3) and (4) are. This proves the claimed property of C, as well as the fact that C is a closed subcone of Ω, in the scheme-theoretic sense.
Remark 2.3
In [1] , it was shown that the subsheaf cv ֒→ ob classifies small curvilinear obstructions.
Definition 2.4
We call C ⊂ Ω the obstruction cone associated to the epimorphism Ω → ob.
The virtual fundamental class
Proposition 2.5 Let Ω be a vector bundle and Ω → ob an epimorphism of coherent sheaves. Let C ⊂ Ω be the associated obstruction cone. Then C is of pure dimension rk E + rk Ω and we have
at least if E admits a global resolution, and X has enough locally frees (so that every coherent sheaf is a quotient of a locally free coherent sheaf ).
be a global resolution of E with obstruction cone C ′ ⊂ F . Start by constructing the fibered product of coherent sheaves
and choosing an epimorphism of coherent sheaves F ′ → P, where F ′ is locally free. Wet get a commutative diagram of sheaf epimorphisms
which we can now consider as a diagram of sheaves on the bigétale site of X. Remark. Diagram (5) is a cartesian diagram of sheaves on the smallétale site of X. This is because fibered products of (small) coherent sheaves do not commute with base change, and so if we had taken the fibered product of big sheaves, P would not have ended up coherent. After having chosen F ′ , we do not any longer have use for the cartesian property of the diagram, and so we pass back to big sheaves, as commutativity of diagrams and the property of being an epimorphism are stable under base change. Now, of course, F ′ → Ω and F ′ → F are epimorphisms of vector bundles. The preimage of cv ֒→ ob in Ω is C, and in F is C ′ . It follows that C ′ and C have the same preimage in F ′ . This implies by standard arguments the claim about the dimension of C and the fact that [
3 Symmetric Obstruction Theories 3.1 Non-degenerate symmetric bilinear forms
in D(X), which is (i) symmetric, which means that
(ii) non-degenerate, which means that β induces an isomorphism
(All tensor products are, of course, derived.) Symmetry of β is equivalent to the condition
Usually, we will find it more convenient to work with θ, rather than β. Thus we will think of a non-degenerate symmetric bilinear form of degree 1 on E as an isomorphism φ :
Remark 3.3 Above, we have defined non-degenerate symmetric bilinear forms of degree 1. One can generalize the definition to any degree n ∈ Z. Only the case n = 1 will interest us in this paper.
Example 3.4 A simple example of a perfect complex with non-degenerate symmetric bilinear form of degree 1 is given as follows. Let F be a vector bundle on X, endowed with a symmetric bilinear form, inducing a homomorphism
So we may and will define θ to be the identity, i.e., θ 1 = id F and θ 0 = id F ∨ :
This perfect complex has amplitude contained in [−1, 0]. Note that θ is an isomorphism, whether or not α is non-degenerate.
Example 3.5 As a special case of Example 3.4, consider a regular function f on a smooth variety M . The Hessian of f defines a symmetric bilinear form on
Hence we get a non-degenerate symmetric bilinear form on the complex T M | X → Ω M | X , which is, by the way, a perfect obstruction theory for X.
Lemma 3.6 Let E be a complex of vector bundles on X, concentrated in the interval
as morphisms in the derived category. Then Zariski-locally on the scheme X (orétale locally on the stack X) we can represent the derived category morphism given by θ as a homomorphism of complexes (θ 1 , θ 0 ):
Proof. Let us use notation θ = (ψ 1 , ψ 0 ). Then the equality of derived category morphisms θ
Now define
One checks that (θ 1 , θ 0 ) is a homomorphism of complexes, and as such, homotopic to (ψ 1 , ψ 0 ). Thus (θ 1 , θ 0 ) represents the derived category morphism θ, and has the required property.
The next lemma shows that for amplitude 1 objects, every non-degenerate symmetric bilinear form locally looks like the one given in Example 3.4. Again, locally meansétale locally, but in the scheme case Zariski locally. Proof. Start by representing the derived category object A by an actual complex of vector bundles α : A 1 → A 0 , and the morphism η :
by an actual homomorphism of complexes (η 1 , η 0 ). Then pick a point P ∈ X and lift a basis of cok(α)(P ) to A 0 . replace A 0 by the free O X -module on this bases, and pull back to get a quasi-isomorphic complex. Now any representative of η has, necessarily, that η 0 is an isomorphism in a neighborhood of P . By Lemma 3.6, we can assume that η 1 = η 
Isometries
Definition 3.8 Let A and B be perfect complexes endowed with nondegenerate symmetric forms θ :
o o commutes in D(X). Since η and θ are isomorphisms, this amounts to saying that
(if we use η and θ to identify).
We include the following lemma on the local structure of isometries for the information of the reader. Since we do not use it in the sequel, we omit the (lengthy) proof. Assume that that rk(F ) = rk(E). Then,étale locally in X (Zariski locally if X is a scheme), we can find a vector bundle isomorphism
Symmetric obstruction theories
Let X continue to denote a scheme or a Deligne-Mumford stack.
Definition 3.10 A perfect obstruction theory E → L X for X is called symmetric, if E is endowed with a non-degenerate symmetric bilinear form θ :
Proposition 3.11 Every symmetric obstruction theory has expected dimension zero.
By this proposition, the following definition makes sense. Definition 3.12 Let X be endowed with a symmetric obstruction theory and assume that X is proper. The virtual count of X is the number
If X is a scheme (or an algebraic space), #(X) is an integer, otherwise a rational number.
Proposition 3.13 For a symmetric obstruction theory E → L X , the obstruction sheaf is canonically isomorphic to the sheaf of differentials:
Remark 3.14 Let X be endowed with a symmetric obstruction theory. Then for any closed embedding X → M into a smooth Deligne-Mumford stack M , we get a canonical epimorphism of coherent sheaves Ω M | X → Ω X = ob, and hence a canonical closed subcone C ֒→ Ω M | X , the obstruction cone of Definition 2.4. Via the inclusion Ω M | X ֒→ Ω M we think of C as a closed conic substack of Ω M . By Proposition 2.5 C is pure dimensional and dim C = dim M = 1 2 dim Ω M . We will show below that C is Lagrangian.
Corollary 3.15 For a symmetric obstruction theory we have
Proof. We always have that h −1 (E) = ob ∨ .
Remark 3.16 Any symmetric obstruction theory on X induces (by restriction) in a canonical way a symmetric obstruction theory on U → X, for everyétale morphism U → X.
Remark 3.17
If E is a symmetric obstruction theory for X and F a symmetric obstruction theory for Y , then E ⊞ F (see [1] ) is naturally a symmetric obstruction theory for X × Y .
A remark on the lci case
We will show that the existence of a symmetric obstruction theory puts strong restrictions on the singularities X can have. For the following proposition, it is important to recall that we are working in characteristic zero.
18 Let E → L X be a perfect obstruction theory, symmetric or not. A criterion for the obstruction sheaf to be locally free is that X be a reduced local complete intersection.
Proof. As the claim is local, we may assume that E has a global resolution E = [E 1 → E 0 ], that X ֒→ M is embedded in a smooth scheme M (with ideal sheaf I) and that E → L X is given by a homomorphism of complexes
. We may even assume that E 0 → Ω M | X is an isomorphism of vector bundles.
Under the assumption that X is a reduced local complete intersection, we have that I/I 2 is locally free and that I/I 2 → Ω M | X is injective. Then a simple diagram chase proves that we have a short exact sequence of coherent sheaves
Hence, h −1 (E) is a subbundle of E 1 and ob = h −1 (E) ∨ . In particular, ob is locally free.
Remark. We always have that h −1 (E) = ob ∨ , the converse is generally false.
Corollary 3.19
If X is a reduced local complete intersection and admits a symmetric obstruction theory, then X is smooth.
Proof. Because ob = Ω X , we have that Ω X is locally free. This implies that X is smooth.
Local structure
Example 3.20 Let M be smooth and ω ∈ Γ(M, Ω M ) a 1-form. Let X = Z(ω) be the scheme-theoretic zero locus of ω. The ideal sheaf I of X ֒→ M is the image of the homomorphism ω ∨ :
It is well-known that the zero locus of a section of a vector bundle has a canonical perfect obstruction theory E → L X . In our case, the cutoff E → τ ≥−1 L X is given by Of course, in local coordinates x 1 , . . . , x n , where ω = i f i dx i , being almost closed means that
for all i, j = 1, . . . , n.
Remark 3.22 Given a smooth scheme M and an almost closed 1-form ω on M , the induced obstruction theory for X = Z(ω) is symmetric, in a canonical way (see Example 3.20) . This is because under the assumption that ω is almost closed we have that d • ω ∨ is self-dual, as a homomorphism of vector bundles over X. We denote this symmetric obstruction theory by H(ω) → L X , where
We will show that, at least locally, every symmetric obstruction theory is given in this way by an almost closed 1-form.
Proposition 3.23 Suppose E → L X is a symmetric obstruction theory for the Deligne-Mumford stack X. Thenétale locally in X (Zariski-locally if X is a scheme) there exists a closed immersion X ֒→ M of X into a smooth scheme M and an almost closed 1-form ω on M and an isometry
commutes in the derived category of X.
Proof. Let P be a C-valued point of X. By passing to anétale neighborhood of P , we may assume given a closed immersion X ֒→ M into a smooth scheme M of dimension dim M = dim Ω X | P . Moreover, we may assume that E = [E 1 → E 0 ] is given by a homomorphism of vector bundles such that rk E 0 = rk E 1 = dim M and E → L X is given by a homomorphism of complexes
Since φ 0 is an isomorphism at P , by passing to a smaller neighborhood of P , we may assume that φ 0 is an isomorphism and use it to identify E 0 with Ω M | X . By Lemma 3.6, the symmetric form θ : E → E ∨ [1] may be represented by a homomorphism of complexes θ = (λ ∨ , λ):
Since θ is a quasi-isomorphism, λ is necessarily an isomorphism at P , hence, without loss of generality, an isomorphism. Use λ to identify. Then we have written our obstruction theory as
We need a slight amplification of this proposition: 
Proof. Let P ∈ X. The proof of Proposition 3.23 actually gives M is anétale slice though P in M ′ . Then write M ′ locally as a product of the slice with a complement to the slice.
Examples
Let M be a complex symplectic manifold and V , W two Lagrangian submanifolds. Let X be the scheme-theoretic intersection. Then X carries a canonical symmetric obstruction theory.
Sheaves
Let Y be an integral proper 3-dimensional Gorenstein Deligne-Mumford stack (for example a projective 3-fold). By the Gorenstein assumption, Y admits a dualizing sheaf ω Y , which is a line bundle over Y , also called the canonical bundle. Let ω Y → O Y be a non-zero homomorphism, giving rise the the short exact sequence 0 For an arbitrary C-scheme S, let M(S) be the groupoid of pairs (E, φ). Here E is a sheaf of O Y ×S -modules, such that (i) E coherent, (ii) E is flat over S, (iii) E is perfect as an object of the derived category of Y × S, i.e., locally admits finite free resolutions, (by Cor. 4.6.1 of Exp. III of SGA 6, this is a condition which may be checked on the fibres of π : Y × S → S).
The second component of the pair (E, φ) is an isomorphism φ : det E → L of line bundles on Y × S. Note that the determinant det E is well-defined, by Condition (iii) on E.
We require two more conditions on E, namely that for every point s ∈ S, denoting the fibre of E over s by E s , we have (iv) E s is rigid, i.e., κ(s) → Hom(E s , E s ) is an isomorphism, (v) the map induced by the trace R Hom(E s , E s ) → O Ys is an isomorphism in a neighborhood of D s .
The last condition (v) is empty in the Calabi-Yau case. It is, for example, satisfied if E s is locally free of rank 1 in a neighborhood of D.
We let X be an open substack of M which is algebraic (one may, for example, restrict the Hilbert polynomial or pass to stable objects, but we do not want to get more restrictive than necessary). Then X is a Deligne-Mumford stack. We will now construct a symmetric obstruction theory for X.
For this, denote the universal sheaf on Y × X by E and the projection Y × X → X by π. Consider the trace map R Hom(E, E) → O and let F be its shifted cone, so that we obtain a distinguished triangle in D(O Y ×X ):
tr
Note that F is self-dual: F ∨ = F , canonically.
Lemma 3.25
The complex
is an obstruction theory for X.
Proof. This is well-known deformation theory. See, for example, [6] . 
Exploiting the fact that F is self-dual, we may rewrite this as
Now, relative Serre duality for the morphism π :
Thus, we see that (6) is, in fact, an isomorphism
Proof. This is just a derived version of the well-known fact that tr(AB) = tr(BA), for endomorphisms A, B of a free module.
Lemma 3.27 The complex E has perfect amplitude contained in the interval
Proof. Perfection is clear. To check the interval, note that by symmetry of E it suffices to check that the interval is [−1, ∞]. We have seen that E = Rπ * F [2] . So the interval is no wore than [−2, ∞]. But h −2 (E) = 0, by Assumption (iv), above.
Corollary 3.28
The Deligne-Mumford stack X admits, in a natural way, a symmetric obstruction theory, namely For example, Hilb n (A 3 ) has a natural symmetric obstruction theory, given by writing A 3 as the complement of a hyperplane in P 3 .
Maps
Let Y be a Calabi-Yau threefold. Let X be the open substack of the stack of stable maps M g,n (Y, β), corresponding to stable maps which are an immersion from a smooth curve to Y . Then the Gromov-Witten obstruction theory for M g,n (Y, β) is symmetric over X.
The Characteristic Function

Conic Lagrangians inside
Of course X is uniquely determined by C; it is called the support of C.
Definition 4.2 Let C ⊂ Ω M be a conic subscheme with support X. Then C is called Lagrangian, if (i) every irreducible component of C has dimension equal to dim M , (ii) for every field extension C ⊂ K and every K-valued point P :
ΩM is the 2-form defining the canonical symplectic structure on Ω M .
Remark 4.3
The property of being a conic Lagrangian is local in theétale topology of M , so it makes sense also in the case when M is a smooth DeligneMumford stack.
Remark 4.4 Because the property of being Lagrangian is local in M , when checking Condition (ii), we may choose localétale coordinates x 1 , . . . , x n on M , inducing canonical coordinates on Ω M denoted x 1 , . . . , x n , p 1 , . . . , p n . In these coordinates, the point P is given by x 1 , . . . , x n , p 1 , . . . , p n ∈ K, and the condition P * (σ) = 0 translates into 
Obstruction cones are Lagrangian
We will now obtain some less trivial examples of conic Lagrangians inside Ω M . Let ω be a 1-form on M and X = Z(ω) its scheme-theoretic zero-locus. Considering ω as a linear homomorphism
2 , which gives rise to a closed immersion of cones C X/M ֒→ Ω M | X . We abbreviate C X/M to C and consider it as a conic subscheme C ⊂ Ω M .
Theorem 4.6 If the 1-form ω is almost closed, the conic subscheme
The proof will follow after an example and a corollary. Proof. This follows by combining the theorem with Corollary 3.24.
To prove the theorem, we may assume that M = D(g) ⊂ A n is a standard Zariski open in affine n-space. We write coordinates in A n as x 1 , . . . , x n . The 1-form ω we write as ω 
in
Proof. This is a standard argument using the blow up of A n along X.
The proof of Theorem 4.6
We will verify the condition given in Lemma 4.9. Thus we choose a field extension K/C, a path γ :
, for all i. We claim that Formula (7) is satisfied in the K-vector space Ω 2 K/C . We will introduce some notation. Define the field elements c
We claim that
This will finish the proof, because
For future reference, let us remark that the assumption t m | f i γ(t) , for all i, is equivalent to ∀p < m :
for all i.
Let us now use the fact that ω is almost closed. This means that
By considering the commutative diagram of schemes
It is well-known that the characteristic function of a conic Lagrangian is constructible. It vanishes away from the support.
Remark 4.11
If C is the conormal bundle of a smooth subscheme X ⊂ M , then the characteristic function of C is (−1) dim X times the characteristic function (in the set-theoretic sense) of X(C) ⊂ M (C).
Functorial viewpoint
for Z-valued functions f the set X and g on the set Y , define f ⊡ g : X × Y → Z to be the function defined by (f ⊡ g)(x, y) = f (x) · g(y).
Let S be the category of smooth C-schemes withétale morphisms and A be the category of abelian groups. We consider the two contravariant functors L, C : S → A defined by L(M ) being the abelian group of conic Lagrangian cycles on Ω M and C(M ) being the abelian group of constructible Z-valued functions on M (C). Then there is a natural transformation Ξ : L → C, which associates to a conic Lagrangian cycle its characteristic function. Then Ξ has the multiplicative property:
is a commutative diagram, for all M , N in S.
Connection with D-modules
Since the definition of Lagrangian intersection numbers in [2] is non-algebraic, we mention the following entirely algebraic characterization of the characteristic function.
Let M be a holonomic D-module with characteristic cycle γ. Then γ is Lagrangian, by the definition of holonomic. We have the following formula:
The index theorem Theorem 4.12 If the support X of the conic Lagrangian
where f is the characteristic function of C.
Proof. Let us denote by M R the underlying oriented real manifold of M . By passing to real parts, we can define a canonical isomorphism of real manifolds
A local calculation shows that this isomorphism of real manifolds reverses orientation. On the other hand, it maps conic Lagrangian subschemes to conic Lagrangian cycles (see [4] ). Both Ω M and Ω M R have an intersection theory of conic Lagrangians. The definition of the intersection index thus implies that the real indices differ from the complex ones by a sign, but are otherwise equal. Thus we can use the real formula to deduce the complex one, because the sign changes cancel out from the final formula.
We have thus reduced to the real case, for which the formula is proved in [4] , Corollary 9.5.2 and Theorem 9.7.11. See also [3] .
The characteristic function of a symmetric obstruction theory
Definition 4.13 Let X be a scheme with symmetric obstruction theory E → L X . Let X ֒→ M be an embedding of X into a smooth scheme and C ⊂ Ω M the associated obstruction cone. Since C is Lagrangian (Theorem 4.6) it has a characteristic function f : X(C) → Z. We call f the characteristic function of the symmetric obstruction theory E → L X .
The characteristic function of (X,) is constructible. A priori, it depends on the embedding X ֒→ M . We will show that this is not the case. We will also define characteristic functions for non-embeddable X.
Remark 4.14 If X is smooth of dimension n, then the characteristic function with respect to any symmetric obstruction theory and any closed embedding takes the value (−1) n at every point of X. This follows directly from Remark 4.11. 
where u : X → Y isétale and v : M → N is smooth. Suppose, finally, that F is isometric to the pullback of E via u. Then we have u * g = f .
Proof. The case that v isétale and Diagram (12) is cartesian follows directly from the functorial nature of Ξ. The case that M = N and u is an open immersion is easy. It can also be deduced formally from the functorial property of Ξ.
Putting these first two cases together, we obtain a proof in the case where v isétale. Now, we shall reduce to the case that X = Y and u the identity. Since the claim is local in the Zariski topology of M , we may assume that there exists a commutative diagram
(This is the local structure of unramified morphisms.) Let us use the notation f (Z, P ) for the characteristic function of Z with respect to the embedding Z ֒→ P . Then, assuming the case u = id to hold, we can deduce that 
Now, let us consider the punctual scheme 0 = Spec C with its unique symmetric obstruction theory. The characteristic function given by the closed immersion 0 ֒→ A r , mapping the point to the origin, takes the value 1 at the unique point of 0. By Lemma 4.15, the characteristic function of the obstruction theory E ⊞ 0 for X × 0, with respect to the embedding X × 0 ֒→ N × A r is equal to g ⊡ 1 = g. This is the claim. 
Virtual Euler characteristics
Let X be a Deligne-Mumford stack with symmetric obstruction theory E → L X . Let f be the characteristic function of E.
Definition 4.23
The weighted stacky Euler characteristic with compact supports χ(X, f ) is called the virtual Euler characteristic of X with respect to the symmetric obstruction theory E; notation χ vir (X). More generally, let Z ⊂ X be a locally closed substack. Then the weighted stacky Euler characteristic χ(Z, f ) is the virtual Euler characteristic of Z with respect to X and E. Notation: χ vir Z (X). The conjecture is true if X is smooth (this is the stacky Gauss-Bonnet theorem), or if X is an embeddable scheme (see below). Thus in the smooth case, our theorem reduces to the Gauss-Bonnet theorem.
The virtual count is the weighted Euler characteristic
Motivic invariants
Let A be a commutative ring and µ an A-valued motivic measure on the category of finite type schemes over C. Let X be a scheme with symmetric obstruction theory E → L X and associated characteristic function f : X → Z. The virtual µ-measure generalizes virtual Euler characteristics.
Remark 4.28
There is no way to generalize the motivic invariants to stacks. If we would want to the property that µ(BG) = 1 #G , then the Euler characteristic with compact supports is the only motivic measure satisfying this. One can get motivic measures for stacks if one inverts the Lefschetz motif and completes at the inverse. But then it is impossible to specialize to Euler characteristics, and so the motivic invariants do not generalize the virtual counts. Hence, it is not clear they are reasonable. For example, µ vir (BZ/2) = 1, for all µ.
